Introduction
Suppose M a compact manifold which admits an Einstein metric g which is Kähler with respect to some complex structure J. Is every other Einstein metric h on M also Kähler-Einstein? If the complex dimension of (M, J) is ≥ 3, the answer is generally no; for example, CP 3 admits both the FubiniStudy metric, which is Kähler-Einstein, and a non-Kähler Einstein metric [2] obtained by appropriately squashing the fibers of the twistor projection CP 3 → S 4 . Iterated Cartesian products with CP 1 then provide counterexamples in all higher dimensions.
However, if M is a 4-manifold, so that (M, J) is a compact complex surface, there is reason to hope that the anwer to the above question might be yes. Indeed, Hitchin [12] was able to answer the question in the affirmative for complex surfaces which admit Ricci-flat Kähler metrics; his argument hinges on the fact that any 4-dimensional Einstein manifold satisfies
where s is the scalar curvature and W + is the self-dual Weyl curvature, and on the observation that |W + | 2 = s 2 /24 for any Kähler surface. Much more recently, Seiberg-Witten theory [13, 24] has provided new insights when our Kähler-Einstein metric has s < 0; in this case the Kähler-Einstein metrics are absolute minima of the Riemannian functional s 2 dµ, and a close cousin of Hitchin's argument therefore implies [15] the desired result for compact quotients M = CH 2 /Γ of the unit ball in C 2 . While the answer to the above question regarding Einstein 4-manifolds still remains elusive, a related, narrower problem is much more tractable. Namely, suppose that (M, J) is a compact complex surface with Hermitian metric h; that is, it is supposed that the Riemannian metric h is J-invariant. If h is an Einstein metric, is it necessarily Kähler with respect to J? In general, the answer is no; the Page metric [19, 2] on CP 2 #CP 2 is a counterexample. However, as will be demonstrated in this note, this counter-example is nearly unique:
, J) be a compact complex surface which admits an Einstein metric h which is Hermitian but not Kähler with respect to J. Then (M, J) is obtained from CP 2 by blowing up one, two, or three points in general position. Moreover, the isometry group of h contains a 2-torus.
In the one-point case, the proof will also show that (M, h) is precisely the Page metric, up to isometry and rescaling.
The proof of this result hinges upon the fact that if a Hermitian metric on a complex surface is Einstein, it must be conformally Kähler; this follows from the combined results of Goldberg-Sachs [10] and Derdzinski [7] . Note that the anologous statement is false for complex manifolds of higher dimension, as is demonstrated by the the "squashed" Einstein metric on CP 3 .
Specializing our initial question, we might now ask whether a compact complex surface (M, J) can admit both a Kähler-Einstein metric and an Einstein Hermitian metric which is not Kähler. The answer is no, unless perhaps if M = CP 2 #3CP 2 . This follows because one-and two-point point blow-ups of CP 2 have non-reductive automorphism groups, and hence [14, 2] do not carry Kähler-Einstein metrics. The concluding section of this article will describe a computional method of determining whether every Einstein Hermitian metric on CP 2 #3CP 2 is actually Kähler-Einstein. The same method may be applied to the existence problem for Einstein Hermitian metrics on CP 2 #2CP 2 . Acknowedgement. The author warmly thanks Jerzy Lewandowski for stimulating his interest in the problem.
Einstein Hermitian Metrics
In this section, we will study Einstein metrics which are Hermitian with respect to some integrable complex structure on a compact complex surface. These will, for the sake of brevity, sometimes be referred to as Einstein Hermitian metrics, so it is worth warning the reader that these are not a priori Hermite-Einstein in the sense of the theory of holomorphic vector bundles.
Let us begin with a local result concerning the conformal curvature of Hermitian Einstein metrics:
Assume that there is an orientation-compatible integrable complex structure J on M such that h is J-invariant. Then the self-dual Weyl curvature W + of g is also J-invariant. In particular, W + : ∧ + → ∧ + has at most 2 distinct eigenvalues at every point of M.
A Lorentzian analogue of this result was first discovered by Goldberg and Sachs [10] , but two decades then elapsed before it was realized [20, 5] that the same calculation concerning null involutive sub-bundles of the complex tangent bundle proves a theorem concerning Riemannian signature metrics. For a transparent spinorial proof, cf. [21] or [18] .
The self-dual Weyl curvature may be identified with a symmetric tracefree endomorphism of the bundle ∧ + of self-dual 2-forms on our Riemannian 4-manifold, and so has 3 eigenvalues at each point. Under the action Z 2 -action generated an oriented orthogonal complex structure J, however, the rank-3 bundle ∧ + decomposes into irreducible sub-bundles of rank 1 and 2, and two of the eigenvalues of a J-invariant W + must therefore coincide. The following result of Derdzinski [7, Theorem 2] , however, deals with Einstein manifolds with precisely this property.
Lemma 2 (Derdzinski) Let (M, h) be a connected oriented Einstein manifold such that W + has at most 2 eigenvalues at each point. Then either W + ≡ 0, or else W + has exactly 2 distinct eigenvalues at each point. In the latter case, moreover, the conformally related metric g = 2
h is locally Kähler, and is locally compatible with exactly one pair ±J of oriented complex structures. The scalar curvature s of g is then nowhere zero, and
The case in which our Hermitian metric g satisfies W + ≡ 0 may easily be handles by invoking the work of Boyer:
Lemma 3 Let (M, J, h) be an Einstein Hermitian surface with W + ≡ 0. Then h is Ricci-flat and Kähler with respect to J.
Proof. Since (M, J, h) is Hermitian anti-self-dual, a result of Boyer [4] tells us that either h is conformal to a scalar-flat Kähler metric, or else that b 1 (M) = 1 and the conformal class [g] has positive Yamabe constant. The latter case, however, can be excluded because our Einstein metric h would have to have positive scalar curvature, and hence positive Ricci curvature; but this would imply that b 1 (M) = 0 by Bochner's theorem [3, 2] , and so lead to a contradiction. Hence h is conformal to a scalar-flat Kähler metric, and, since it is the Yamabe metric in its conformal class, it must therefore itself be scalar-flat and Kähler.
Combining these known facts now yields the following:
) be a compact Einstein Hermitian manifold of complex dimension 2. Then either (M, J, h) is a Kähler-Einstein manifold, or else there is an extremal Kähler metric g on (M, J) with non-constant scalar curvature s > 0 such that h = s −2 g.
Proof.
If W + ≡ 0, Lemma 3 tells us that h is Kähler, and we are done. Otherwise, Lemma 2 asserts that the metric g of is locally Kähler with respect to exactly 2 complex structures, namely the two almost-complex structures with respect to which W + is invariant; and by Lemma 1, the globally-defined complex structure J is one of these. Thus (M, J, g) is a Kähler manifold. But since g, being conformal to Einstein, is a critical point of the confor-
|W | 2 dµ, and since
s 2 dµ for any Kähler metric, it follows that g is an extremal Kähler metric in the sense of Calabi. Thus ξ = Jgrad g s is a Killing field of g, and hence of h = s −2 g. Now a result of Bochner [3, 2] says that a compact manifold of non-positive Ricci curvature can have a Killing field only if the field is parallel; but ξ has a zero at the minimum of s 2 , and thus can be parallel only if it is zero. Thus we either have s = const, in which case h is Kähler-Einstein, or else the Einstein metric h has positive scalar curvature.
But if the latter happens, the fact that g is in the same conformal class as h implies that its scalar curvature s = 0 must also be positive.
While much of the above was already known to Derdzinski, the next observation appears to be new:
h denote the Ricci curvature of the Einstein metric h = s −2 g; here the constant k =ŝ is the scalar curvature of h. The standard formula [2] for the effect of a conformal change g → ψ 2 g on the Ricci curvature tells us that
where the length of 1-forms is measured with respect to g; in our case, we therefore have 6 .
It follows that
Since both the Kähler metric g and its Ricci curvature r are invariant under the action of J on the tangent space, this implies, in particular, that the Hessian of s is also J-invariant:
(We remark in passing that (2) is exactly equivalent to Calabi's extremal Kähler metric condition ∇μ∇ ν s = 0 .)
is the de Rham class of the Ricci form ρ of our Kähler metric g, and this 2-form is related to the Ricci curvature by
Because the scalar curvature s is a smooth positive function on M, yet another de Rham representative of 2πc 1 (K −1 ) is the (1, 1)-formρ defined bŷ ρ = ρ + 2i∂∂ log s = ρ + dJd log s .
But the (1, 1)-formρ is 'positive,' in the sense that the symmetric tensor field q defined by
is everywhere positive-definite. Indeed,
Substitution from (1) and (2) thus yields
which is manifestly positive-definite because s and k are both positive. Hence c 1 (K −1 ) is represented by the positive (1, 1)-formρ/2π, and the Kodaira embedding theorem [9] therefore tells us that K −1 is ample.
This immediately implies the following:
Theorem 1 Let (M 4 , J) be a compact complex surface which admits an Einstein metric h which is Hermitian but not Kähler with respect to J. Then (M, J) is obtained from CP 2 by blowing up one, two, or three points in general position. Moreover, the isometry group of h contains a 2-torus.
Here 'general position' means that no two points coincide and no three are collinear. After a projective-linear transformation of CP 2 , we may therefore assume that our collection of points is a subset of { Proof. Since the anti-canonical line bundle of (M, J) is ample, surface classification [1, 11] tells us that (M, J) is either CP 1 × CP 1 or else is obtained from CP 2 by blowing up k distinct points in general position, 0 ≤ k ≤ 8. However, we also know that (M, J) carries an extremal Kähler metric g of non-constant scalar curvature, so the Lie algebra of holomorphic vector fields must be non-semi-simple (and in particular non-trivial). This eliminates CP 2 , CP 1 × CP 1 and the k-point general-position blow-ups of CP 2 for which 4 ≤ k ≤ 8. then lifts to the blow-up M; thus the automorphism group of (M, J) contains the compact subgroup U(1) × U(1). But [6] the identity component of the isometry group of an extremal Kähler metric is a maximal compact subgroup of the identity component of the complex automorphism group; and since the maximal compact is unique up to conjugation, a suitable change of homogeneous coördinates will make the extremal Kähler metric g invariant under above torus action. Since any isometry of g is also an isometry of h = s −2 g, it follows that the isometry group of h also contains U(1) × U(1).
If (M, g) is a compact oriented Einstein 4-manifold with holonomy SO(4) for which W + has at most 2 eigenvalues at each point, Lemma 2 thus implies that M is diffeomorphic to CP 2 #CP 2 , (CP 2 #CP 2 )/Z 2 , CP 2 #2CP 2 , or CP 2 #3CP 2 .
Critical Kähler Classes
In the last section, we saw that that a non-Kähler Einstein Hermitian surface must be of the form (M, J, s −2 g), where (M, J) is obtained from CP 2 by blowing up 1, 2, or 3 points in general position, and where g is an extremal Kähler metric of non-constant scalar curvature s > 0. In the one-point case, h = s −2 g must be the Page metric, up to isometry and rescaling, because the isometry group of the extremal Kähler metric g necessarily contains U(2). In the other cases, we can learn a bit more by asking which Kähler class might contain such a metric g.
Let 
Since A is invariant under the Z 2 -action induced by
and because P is exactly the fixed point set of this action, any critical point of A| P is necessarily a critical point of A, though the converse of course need not be true. Now it turns out that A| P is rather easier to compute that A, and we shall therefore only consider this restricted functional in the following discussion. It should be emphasized, however, that this restriction is completely ad hoc, and would have to be eliminated in order to obtain a definitive treatment of the problem. by the Gauss-Bonnet formula for 2χ + 3τ = 7. It would thus seem that there is at least a chance that such a metric might in fact be conformal to Einstein. Finally, we consider CP 2 #3CP 2 . In the region α, β > 0, δ ≥ 0, it appears that A| P has no critical points other than an absolute minimum at α = β, δ = 0, which corresponds to multiples of the anti-canonical class. Thus, at least if the symmetry condition β = γ is imposed, it seems that the only Einstein Hermitian metrics on CP 2 #3CP 2 are the Kähler-Einstein metrics found by Siu [22] ; cf. [23] . If this continues to hold even when β = γ, the uniqueness conjecture of §1 will have survived an important test.
